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Linear Matrix Inequalities in Semidefinite Programming

Let z, c € R", Az(rj) be m; x m; symmetric matrix.
minimize la
n
subject to A(()])—I—inAEJ) =0 (j=1,...,9)
i=1

The constraints are linear matrix inequalities (LMls)

Assumption: Let R be the feasible region
o R is bounded
o R has a nonempty interior

Shafiu Jibrin Joint work with Ibrahim Abdullahi, Federal Universii  Conjugate Gradient Methods



Example of System of LMIs

q = 5 LMI constraints with n = 2 variables:

[ 5 -1 ] [ -1 0 0

(D () -

A (J]).—- 1 2_+CE1_ 0 0:|+.’1?2|:0 1 :|t0
[ 5 0 -1 0 0 0

(2) —

A(x).—_02]+x1[ 00}—#902{0 1 ]>0
[ 1 05 ] (10 00

(3) —

A (x)'*_0.5 2_+x1_00}+x2[01 ]EO

AN(z) =] 385 |+a1[ —04 |+22[1 ]>0

APV (@)= 275 |+ [ 08 [+2[1 ]>0.
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Weighted Analytic Center for Linear Matrix Inequalities

(Pressman & Jibrin 2001)
Consider the system of LMls:

A (@) = AP+ A -0, (G=1,2,....9)
i=1
Let R = feasible region. Choose w > 0.
Define the barrier function ¢,(z) : R" — R by:

q
ijlogdet[(A(j) ()71 if x € int(R)
=1

00 otherwise

gbw(x) =

The weighted analytic center is defined by:
Tae(w) = argmin{¢,(x) | x € R"}

This extends the linear case (Atkinson & Vaidya 1992)
Analytic center: when w =11,...,1]
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Some Historical Facts

o Weighted analytic center for linear constraints
discussed in the paper (Atkinson & Vaidya 1992)

o Infeasible Newton's method for analytic center
for single LMI given in the book (Boyd &
Vandenberghe 2004)

o Infeasible Newton's method for weighted
analytic center for LMIs: (Jibrin 2015)

Shafiu Jibrin Joint work with Ibrahim Abdullahi, Federal Universii  Conjugate Gradient Methods



Gradient and Hessian of the Barrier Function ¢, (z)

Fori,7=1,...,n

Vigu(z) = —ij(A(])(x))_lo A
Hyw) = Y wl(AW @) AL o (A9 () A%
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Newton's Method for Computing Weighted Analytic Center

given an interior point x, tolerance TOL > 0
Set k=1
repeat

1. Compute the Newton's direction

s = —[H(2)]'Ve,()

2. Compute d = /sTH(x)s
3. Do line search to get stepsize h
4. Update x := x + hs

5. Update k = k+1
Until d <TOL
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Conjugate Gradient Methods for Computing Weighted

Analytic Center

Given: an interior point x( of R, tolerance
TOL >0

Set k=1
Repeat
1. Compute the search direction
T — gk + By i k> 1,

3. Do line search to get stepsize aj
4. Update xp11 = o) + apdy

5. Update k = k+1
Until || g, ||< TOL
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Conjugate Gradient Methods for Computing Weighted

Analytic Center Contd

Table: Formulas for parameter 3, for methods considered

No. 57 Method name
HngZ _
1 s Fletcher-Reeves(FR) method
2 % Polak-Rebiere-Polyak(PR) method
T
95 (9k—9r—1) .
3 (—df(gk.qkﬂ ) Hestenes-Stiefel(HS) method
T [lg
i gk’_||gk__1Hgk*1
4 N T— (RAMI) method
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Let
h(a) = ¢y, (xk + ady)

The exact stepsize «y, is given by
ar = argmin{h(a) | a > 0}

Let

Theorem: Let z;, be an interior point of R and )\Z(j) be the
ith eigenvalue of B;(dy,x)). Then

q q m;
h(a) = — ZleOgdet(A(j)(xk)) — ij Z log(1 + a}\z(q))'
=1 j=1 =l
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Newton's Exact Line Search

The derivatives of h(«) are given by

W) = - Zwy Z

q m; ) 2
h'(e) = ij ( )

q m;

h/(Oék)
Iterates: = —
41 = O I (o)
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Quadratic Interpolation

Recall that h(a) = ¢, (xp + ady)

Step 1: Find the distance 0. from z} to the
boundary of the feasible region R in the direction d;
Step 2: Set a; =0 and a3 = o, — 0.001

Step 3: Repeat

a3 = az/2
Until h(as) < h(aq)
Let ap = 043/2
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Quadratic Interpolation Contd

Step 4: Compute the zero o* of the quadratic
polynomial P(«) passing through the points
(Odl,P(Cn)), (OdQ,P(OdQ)) and (Oég,P(Oég)).

Step 5:
if ag < a*

set ap = ag3
else

set o = o
end
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Global Convergence

Theorem: The barrier function ¢, () is strongly
convex over the interior of the feasible region R

Remark: This guarantees FR and HS with exact line
search are globally convergent

Theorem: Let zy be an interior point of R. The
gradient g(z) = V¢, () is Lipschitz continuous in a
neighborhood of the level set

L={zeR"|g(x) < g(z)}.

Remark: This guarantess FR and RAMI with exact
line search are globally convergent
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Test Problems: A bit random
Computer: Dell OPTIPLEX 880
Parameters: TOL = 10~*, Maxlter=1000

Numerical Experiments

LMI Test Problem | n | ¢ [my,...,mg| [wi, ..., wg)
1 2] 2 [1.2] [4.5]
2 203 [5.4,5] [3,175,1]
3 2|8 24,555 1,5 4] [10,10,10,1,1,1,10,1]
7 32 5.A] [100,1]
5 3] 2 3.4] [1,10]
6 4110 |[4,51,4,23,5,5,2, 1] | [1,1,100,100,100,1,100,10,1,1]
7 417 [2,4,4,5 4,2 1] [1,100,10,1,10,1,10]
8 506 5.1, 4 4, 4 5] [10,10,1,10,1,1]
9 5] 4 [ 1,5 1] [i00, 1, 1,1]
10 63 4,1, 5] [10,1,100]
11 6| 8| [25255 352 [1,1,1,10,10,1,100,1]
i) 7] 2 B 4 [1,10]
3 714 M 41 2 [1,10,1,100]
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Numerical Experiments Contd

LMI Test Problem | n | ¢ [ma,...,mg [wi, ... wy
14 8|5 1,1, 4,3, 3] [1,1,10,10,10]
15 8|5 [5.4,5,2,5] [10,10,1,1,100]
16 93 3,2,9] [10,1,1]
17 93 5.4 4] [100,100,1]
18 108 [4,2,3,4,54,4,2] [10,1,1,1,10,10,1,1]
19 10| 8 [4,5,3,5,4,2,2,4] [1,10, 1,100,1,10,10,1]
20 109 5.25321,32272 [1,10,10,1,1,1,1,1,100]
21 316 [3.4,1,54,1] [1.1,1,1,10,1]
22 517 [2,3,5,5,2, 4, 2] [10,1,1,1,10,1,1]
23 5]3 [5.5,2] [100,1,1]
24 519 [2,44,1,453,5,1][100,1,100,100,100,10,1,1,10]
25 0] 3 1,5, 2] [1,100,10]
26 5 |10[[3,41,3,1,4,4,54,4][[7,7,7,8,7,6, 4,105, 3, 6]
27 317 [2,3,4,5,4,1,5] [3,5,2 1, 10% 2, 7]
28 517 [2,3,55, 24, 2] [1, 1,485 8, 3,10°
29 38 [5.3,3,55,4,23] [2, 105, 4, 3]
30 216 [4,4,3,1,5, 2] [4,6,5, 3,10, 4]

Table: Test Problems
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Numerical Experiments Contd

300 ‘ ‘ ‘ ‘ ‘
+ FR
Q — & —HS
—%—PR
250 | i
50 N —o— RAMI
!
|
‘+\
o 200} | g
S S 0
©
g P ;)
5 150 j i ,
1] @ I [oN]
o | . I
£ \ ;o |
Z 100 i i ! i

Problem Number

Figure: Problem Number Vs Iterations taken by each method to find the
weighted analytic center using exact line search (Newton's method),
where +=FR, ¢=HS, *=PR, o=RAMI.
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Numerical Experiments Contd
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Figure: Problem Number Vs Time taken by each method to find the
weighted analytic center using exact line search (Newton's method),
where +=FR, ¢=HS, *=PR, o=RAMI.
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Numerical Experiments Contd
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Figure: Problem Number Vs lterations taken by each method to find the
weighted analytic center using inexact line search (Quadratic
Interpolation) for the 25 problems where all four methods were successful
and +=FR, ¢=HS, *=PR, 0=RAMI.
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Numerical Experiments Contd
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Figure: Problem Number Vs Time taken by each method to find the
weighted analytic center using inexact line search (Quadratic
Interpolation) for the 25 problems where all four methods were successful
and +=FR, ¢=HS, *=PR, 0=RAMI.
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Numerical Experiments Contd - Jamming
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Figure: Graph of the Quadratic approximation P(«) for Problem 30 with
w = [4,6,5,3,10%, 4] at iteration 12. Note P(«) is flat over the interval
[h1, k3] = [0,1.9462210~°]. Hence, at iteration 13, FR with Quadratic
interpolation line search fails.
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Summary and Conclusion

e Presented four conjugate gradient methods for weighted
analytic center for LMIs - FR, HS, PR, RAMI

o Worked well with Exact line search and Quadratic
interpolation line search

e PR is the best method, followed by HS, then RAMI, and
then FR

e Exact line search handles weights better than the
Quadratic interpolation line search when some weight is
relatively much larger than the other weights

e FR is more susceptible to jamming phenomenon than
both PR and HS

e PR and HS are superior to RAMI with the problems
considered
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o Conjugate gradient methods for weighted
analytic center for Second-order Cone
Constraints

o Consider other inexact line searches for the
conjugate gradient methods
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THANK YOU!
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